
JOIN THE DARKSIDE

A combinatorial Lemma : Pigeon Filtering
&

Let m
,
n FIN where (m will be the number of pigeons ; and L is the size of the refutation).

Also let 2 ,Wot[M] st NoS In Land Wo 223, 4· For any arbitrary set of 1 integer vectors of

length m -(A) ....,(h) where(i) = (racil ,... Mm(j) for je[L] andWinIIEI HE[m].
NY

There exist a vector ? = (, . . . . m) with UK/m)-1Hkt [m] such that for every le [L]
at least one of the following hold :

① /[i[m] : rice) cri 3/1 wo

② Ii[m] : rice) Cri+1) < 0 (dNo).

Let L
,
m
, <, wo be as defined . Define W(r)=

There exists constants is st if

(i) W((e)) > Wo =D condition If we show the

=> we are done

(ii) W((l))&D condition 2. as W((l) must be in one
of thecases

Define a distribution MEL([t]) where t = 11-1 ; where Pri =B

Where B= M is well defined as Fem Pri3 =

↑
This is

(by the geometric distribution).

picked to

normalize the dist.

Define = (r. , ...n) where ricM Vit [m] · Fix le[L]

① I suppose W(cell ? Go
Observe for all it [m] st ri(e) >A ; we have

since += 1km
- (t+ 1)
-

= crice[(t
+)

= m .
1 C and2.

i : ri(e) > t i : ri(l)7t

I juices
aNo-i : ri(1)2t

=

-=
-
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Also Pr[Wilrisel]=B.
ri$N X = wi(l)

- ri(l)
↳ B . <

Now consider the set P(1, 2) := Eit[m] : rice It a ric rice) 3

ELIP)1] = PrTrizeisel]
20 M i = ri(l)2t

M

= BI crice)
i : r : (1) A

2 B . (W'-

- (vi) =t

↓ for arbitrary lE[L] = () Fat

Pr[IPCEENSails ~
-

P 2

= Pr E 19(2))-IE1]
No-IEEc15]

= P

= (p - (p(r))1p - wo]

& expE-w Y By chernoff boda

↓ expS-d Y

& exp2-t(205 - 1)
- zwol = expq-((r- 1) - 2)]
Set u'218 .

What we got was that

For any arbitrary lf[L] exp2-2no]
condition1 fails with probability
at most 12 when conditioning on & L2 - for any &Eth]

W((e) I v'Wo/2.
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Now consider case 2 : W((e)) Wo

Pr[wirice-1] = E Pr[ri = -] geometric series

vi$1 j = r: fl- 1 & 132

= B = P . (55) start from i=

j = Mi(l) - 1 for both & diff.

-
= it [22

+2 -cut] ·

-it

·
ice

-

:>2

-

2 - ri(l) .
= 22

Now define &( , 1) : = [i[m] : ridri(1)-1}
2 - wi(l)

q : = Ellaciell] = 5 PrEwitvice-1] & I Ca

it[m] it [m]
-wi(l)

= 22] L
= 22 · W(r(e))

it [m]

& 2 . 2 . %'wo (by assumption
of care 2) .

Now

Place = rod]r Glacies-a I new - 2ar'no]-
conditionIils -q

Chernoff version
-

Let S be sum of [0,1] RVs - expe Crawo-zar'wo?
(not necessarily independent ( 2a + (wawo - 22nd.

3
Pols-lE[S] = B]

& exp2-(rawo-2aw'wol
?

Harwo + (rawo-2arwol]
E exp2-5] +B]

= expa-
(awod(u - 2r)2

420w0 + (r-22) Two
⑪

⑨
& expa - aNo] 2Nologh -D

-2

222 & L

- ↳WozrU 250' does the job
2

seto st (0-22) (u +2r))
-(v+2y4).
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We have for any METL] : Let p = Pr & Wece) zu3 .
Pr[JIwce)] : toI I'Wo
Y I

This is what we have

PTIWSe] Er shown.

Twe)
+ Pr[Xw((e)Evy · (1-P)

/We
- PuWe

1 ( - p + + (1 - p)
L2

+ Er =

- FREIL] st Previe
: Pr [VeeTL];te)] : 1 - E
j

20 L > 2

:. exists suchon r.


