
#roof: for lemma H . 10 in [Rezenda' 2021]-D main techiedl work .
-

↓ Let S = closure (C) So = closure (Co) S1 = closure (C)
T

M ,2 r , r r ,p

* D = Sols where Son = So USI

- &

Went to show X(C) &SpanGX(Co) , X(CA)Y

lie for anyarbitrary YEE(C) we
want to show

↑ -> spanGX(Co) , X((1)Y

Let t'be a restriction of 4 to SUSo,
↑

I I

it dom (4) = SnSo, and Y(x) = 4(x) HoEdom(41

-

D [I R = S1 dom(4) Sol

S

O
So

# sons-dom (41]

&
From the defrof 1 ; x(Y)EXCY' if I'is a

restriction of 9
so it suffices to show x(Y' EsponGX(C) , X(C .73
↑
This is what we will show

From here on Let 41 will refer to the restriction of arbitrary Y

Also let My = iE
:a created by extending dompy') to D3
but (C) = FALSE



Now pickarbitrary & MD.

Since ace) = False = By soundness of the resolution proof
system as ((Y) is false it must be that either to or

C1 is false .

Wo loss of generality ; assume Col) = FALSE

S
So Now restrict dom (4) to

⑳ just so as shown on the left

&s
As C(Y) = False (restricting doesn't

change truth

table)
.: 't z(col

so x(Y) &X(Y) &X (20) & SparkX(C) , X(C1)]
For any

ME MD . But I wanted to show it for
any 4'which is a restriction of arbitrary yez(C)

But if I show X(4') =X (Mp) = spaEX( : EEMDY
it would imply

The thing that is left to show

X(4) = X(y') = /(Mp) =sponGX((0) , X(Cal]

To

Showsho
i

it Son So,
↓seewhy

On the other ho as it is a restriction

T

E ceiii)min*(Mp) = Spon Q Xi proof
it SonSi itD



So now we are set to prove spa Xi (i) : Ye M,

= Li
itD

Now werestate a fact about boundary expanders

In our case Vexp(G) = Vp = [m]

G = G) /closure (a) UNp (closure(a) = G (SUN)
As IDIC Isol + 15 : /

= 11 + 1441 (by temme assumption)

↳

: UP(D)=)4IDI (Asclosure (C) /[W(4)~ ,u

2 by assumption
By averaging argument

IjEDst4(j) 21-35) and invoking
lemma5

Now all pigeons itD are light as

if closure (C) & /Pl

So they have at most di-SiJ I holes according

toE thebewappedto

11-3514-(dj-Sj) holes I can match pigeouj
to wo satisfying C



This means My has at least

T

(1- 35)4 - (dij- Sij) = (1-3)4x(j) - (dj-
- (p(j) - dj + Si = dim(j)
I

M din(ti) options
for this

hole wo satisfying C.

Y =

: (Mp/ 1 dim (i)
: "TR
-

-

-

J dom24

Now D = DISiY-IDI < v (Still) .
-

z

so - ,
(D) 1(1-35)XID'I ; Once again by arging argument

- j'ED'st

Fas') I (1-35)4

hole wo satisfying C.its for
the

a
? JR
- · /MD/ 7 dim(Aj) *
J dom24' dim(j)

--

We do this for all ItD => invoking the Kmma
IDI times - Each time ID")CV2

2) IMp12dim(i)
so we are



Now as My is large crough for each i

list)hi . To see why
observe from the def of Xi :H /Li

if JEVH with (TII dim (12)

thenExili) : jEJY spars Thi

As discussed above
; for each IED ; there are

- dim (i) holes we can map to and

This completes the proof


